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s.2013.0Abstract In this paper, we introduce a new type of closed sets in bitopological space (X,s1,s2),
used it to construct new types of normality, and introduce new forms of continuous function
between bitopological spaces. Finally, we proved that the our new normality properties are pre-
served under some types of continuous functions between bitopological spaces.
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The concepts of regular closed, generalized closed (brieﬂy,
g-closed), preopen, regular generalized closed (brieﬂy, rg-
closed), and generalized preclosed (brieﬂy, gp-closed) sets have
been introduced and investigated in [1–5]. The concepts of pre-
open sets and regular open sets have been extended to bitopo-
logical spaces [6] called ij-preopen and ij-regular open
respectively. The mild normality and almost normality have
been introduced in [7]. A weak form of normal spaces has been
introduced in [8] called mildly normal spaces. In [9], the author
used the preopen sets to deﬁne prenormal spaces, recently, in
[10] the author have continued the study of further properties
of prenormal spaces and also deﬁned and investigated mildly
p-normal (resp. almost p-normal) spaces which are generaliza-ptian Mathematical Society.
ng by Elsevier
ing by Elsevier B.V. on behalf of E
3.005tion of both mildly normal (resp. almost normal) spaces and
p-normal spaces. The concept of generalized preregular closed
(brieﬂy, gpr-closed) sets has been introduced in [11]. The con-
cept of binormal spaces has been introduced in [12]. In [13,14]
extended the concepts of g-closed, gp-closed and rg-closed sets,
mildly normal and almost normal spaces to bitopological
spaces.
In this paper, we extend the concept of gpr-closed sets to
bitopological spaces (X,s1,s2) called ij-gpr-closed sets. Also,
we construct a new types of normality in bitopological spaces
based on ij-preopen sets called prebinormal, almost prebinor-
mal and mildly prebinormal. We use the class of ij-gpr-closed
sets to characterization these types of normality and construct
new types of continuous functions. We prove that the intro-
duced binormality properties are preserved under some types
of continuous functions.
Throughout this paper, the following abbreviations will be
adopted: Let A be a subset of a bitopological space (X,s1,s2),
the interior (resp. closure) of A with respect to topology si
(i= 1, 2) will be denoted by inti(A) (resp. cli(A)). We denote
the set of all closed sets with respect to the topology si by
i-C(X).
In what follows, let i, j 2 {1,2} and i „ j.
gyptian Mathematical Society. Open access under CC BY-NC-ND license.
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(X,s1,s2) is said to be
(1) ij-preopen if A# intiðcljðAÞÞ.
(2) ij-regular open if A= inti(clj(A)).
The complement of ij-preopen (resp. ij-regular open) set is
called ij-preclosed (resp. ij-regular closed) set. We denote the
set of all ij-preopen (resp. ij-preclosed, ij-regular open and ij-
regular closed) sets by ij-PO(X) (resp. ij-PC(X), ij-RO(X) and
ij-RC(X)).
Deﬁnition 1.2 [6]. For any bitopological space (X,s1,s2) and
A ˝ X, ij-preinterior (resp. ij-preclosure) of A is denoted by
pintijðAÞ (resp. pclijðAÞ) and deﬁned as
pintijðAÞ ¼
SfF#X : F 2 ij POðXÞ;F#A}
(resp. pclijðAÞ ¼
TfF#X : F 2 ij PCðXÞ;F  A}).
Deﬁnition 1.3. A subset A of a bitopological space (X,s1,s2) is
said to be
(1) ij-generalized closed [14] (brieﬂy, ij-g-closed) if
A ˝ U,U 2 si) clj(A) ˝ U.
(2) ij-regular generalized closed [13] (brieﬂy, ij-rg-closed) if
A ˝ U, U 2 ij-RO(X)) clj(A) ˝ U.
(3) ij-generalized preclosed [14] (brieﬂy, ij-gp-closed) if
A#U ;U 2 si ) pcljiðAÞ#U .
Deﬁnition 1.4. A subset A of a bitopological space (X,s1,s2) is
said to be ij-generalized preregular closed (brieﬂy, ij-gpr-
closed) if A ˝ U,U 2 ij-RO(X)) pclji(A) ˝ U.
The complement of ij-g-closed (resp. ij-rg-closed, ij-gp-
closed and ij-gpr-closed) set is called ij-g-open (resp. ij-rg-open,
ij-gp-open and ij-gpr-open) set and deﬁned in the following
lemma.
Deﬁnition 1.4 is a particular case of Deﬁnition 8 from Noiri
[15].
From Proposition 4 in [15], we obtain the following
lemma.
Lemma 1.1. A subset A of a bitopological space (X,s1,s2) is:
(1) ij-g-open iff A ˚ F, F 2 i-C(X)) intj(A) ˚ F
(2) ij-rg-open iff A ˚ F, F 2 ij-RC(X)) intj(A) ˚ F
(3) ij-gp-open iff A ˚ F, F 2 i-C(X)) pintji(A) ˚ F
(4) ij-gpr-open iff A ˚ F, F 2 ij-RC(X)) pintji(A) ˚ F
We denote the set of all ij-g-closed (resp. ij-g-open, ij-rg-
closed, ij-rg-open, ij-gp-closed, ij-gp-open ij-gpr-closed and
ij-gpr-open) sets by ij-GC(X) (resp.ij-GO(X), ij-RGC(X), ij-
RGO(X), ij-GPC(X), ij-GPO(X), ij-GPRC(X) and ij-GPRO
(X)).
The arbitrary union of ij-gpr-closed sets is an ij-gpr-
closed set. But the intersection of two of ij-gpr-closed setsneed not be an ij-gpr-closed set as shown by the following
example.
Example 1.1. Let X= {a,b,c,d}, s1 = {X,/, {a}, {d}, {a,d}}
and s2 = {X,/, {b}, {a,b}}. We have {b,c}, {b,d} 2 21-GPRC
(X) but {b,c} \ {b,d} = {b} R 21-GPRC(X).
Proposition 1.1. The following diagram shows the relationship
between the above different types of closed sets.
where none of these implications is reversible as shown by the fol-
lowing example.
Example 1.2. Let X= {a,b,c,d}, s1 = {X,/, {a}, {a,d}} and
s2 = {X,/, {a,b}, {c,d}}.
(Arrows 1, 5) {b} 2 12-GC(X) \ 21-PC(X) but {b} R 2-C(X).
(Arrows 2, 6) {d} 2 12-RGC(X) \ 12-GPC(X) but {d} R 12-
GC(X) since there exist {a,d} 2 s1 containing {d} such that 2-
cl({d}) = {c,d} 6 # {a,d}.
(Arrow 3) {a,b} 2 12-GPC(X) but {a,b} R 12-PC(X).
(Arrow 4) {a,b} 2 21-GPRC(X)but {a,b} R 21-GPC(X),
since there exist {a,b} 2 s2 containing {a,b} such that 12-
pcl({a,b}) = X 6 # {a,b}.
(Arrow 7) {c} 2 21-GPRC(X)but {c} R 21-RGC(X), since
there exist {c,d} 2 21-RO(X) containing {c} such that 1-
cl({c,d}) = {c,d} 6 # {c}.
Remark 1.1. For any bitopological space (X,s1,s2) we note
that:
(1) The classes ij-GC(X) and ji-PC(X) are independent
(2) The classes ij-RGC(X) and ij-GPC(X) are independent
The following example investigate the previous remark.
Example 1.3. Let (X,s1,s2) as in Example 1.2:
(1) {c,d} 2 21-RGC(X) but {c,d} R 21-GPC(X), Also,
{c} 2 21-GPC(X)but{c} R 21-RGC(X).
(2) {a,c} 2 12-GC(X) but {a,c} R 21-PC(X), Also, {d} 2 21-
PC(X)but{d} R 12-GC(X).Theorem 1.1. For any bitopological space (X,s1,s2), A ˝ X, the
following are holds:
(1) If A 2 ij-GC(X) \ si then A 2 j-C(X).
(2) If A 2 ij-GPC(X) \ si then A 2 ji-PC(X).
320(3) If A 2 ij-RGC(X) and si = ij-RO(X) then A 2 ij-
GC(X).
(4) If A 2 ij-GPRC(X) and si = ij-RO(X) then A 2 ij-
GPC(X).
(5) If A 2 ij-GPRC(X) and j-C(X) = ji-PC(X) then A 2 ij-
RGC(X).
(6) If A 2 ij-GPC(X) and j-C(X) = ji-PC(X) then A 2 ij-
GC(X).
Proof. Obvious. h
Theorem 1.2. For any bitopological space (X,s1,s2). If A 2 ij-
GPRC(X) and A ˝ B ˝ ji-pcl(A), then B 2 ij-GPRC(X).
Proof. Let B ˝ U, U 2 ij-RO(X). Since A ˝ B and ij-GPRC(X),
then ji-pcl(A) ˝ U. Since B ˝ ji-pcl(A), then we have
ji-pcl(B) ˝ ji-pcl(A) ˝ U. Consequently B 2 ij-GPRC(X). h





ical spaces. If A 2 ij-GPRO(X1) and B 2 i*j*-GPRO(X2), then
A · B 2 i · i*, j · j*-GPRO(X1 · X2).
Proof. Let A 2 ij-GPRO(X1), B 2 i*j*-GPRO(X2) and
W= A · B ˝ X1 · X2. Let F= F1 · F2 ˝W,F 2 i · i*,j · j*-
RC(X1 · X2). Then, there are F1 2 ij-RC(X1) and F2 2 i*j*-
RC(X2), F1 ˝ A, F2 ˝ B and so F1 ˝ pintji(A) and
F2# pintj i ðBÞ. Hence F1  F2# pint jiðAÞ  pintj i ðBÞ ¼
pintjj ;ii ðA BÞ. Therefore A · B 2 i · i*, j · j*-GPRO (X1
· X2). h2. Some types of ij-near continuous functions
In this section we introduce two types of continuous functions
between bitopological spaces and study their properties.
Deﬁnition 2.1 [14]. A function f:(X,s1,s2)ﬁ (Y,r1,r2) is
called:
(1) ij-precontinuous if "V 2 i-C(Y),f1(V) 2 ij-PC(X)
(2) ij-g-continuous if "V 2 j-C(Y), f1(V) 2 ij-GC(X).
(3) ij-gp-continuous if "V 2 j-C(Y), f1(V) 2 ij-GPC(X).
(4) i-continuous if "V 2 i-C(Y), f1(V) 2 i-C(X).Deﬁnition 2.2. A function f:(X,s1,s2)ﬁ (Y,r1,r2) is called:
(1) ij-pre-gpr-continuous if "V 2 ji-PC(Y), f1(V) 2 ij-
GPRC(X).
(2) ij-pre-gp-continuous if "V 2 ji-PC(Y), f1(V) 2 ij-
GPC(X).Theorem 2.1. The relationship between the previous concepts of
continuity of functions between bitopological spaces are stated in
the following diagram:Proof. Straightforward. hIn Diagram 2.1, the arrows are not reversible as one may
see the following examples:
Example 2.1. Let X= {a,b,c,d}, Y= {u,v,w}, s1 = {X,/
, {a}, {a,d}} and s2 = {X,/, {a,b}, {c,d}}. r1 = {Y,/, {u}, {v,
w}} and r2 = {Y,/, {v}, {u,v}}. Let f:(X,s1,s2)ﬁ (Y, r1,r2).
(arrows 1, 2) If f is deﬁned by f(a) = u, f(b) = v and
f(c) = f(d) = w. We have f is 12-precontinuous, but it is not 1-
continuous. Since there exist {u} 2 1-C(Y) but f1({u}) =
{a} R 1-C(X). Also, f is 12-g-continuous, but it is not 2-
continuous. Since there exist {u,w} 2 2-C(Y) such that
f1({u,w}) = {a,c,d} R 2-C(X).
(arrows 3, 4) If f is deﬁned by f(a) = f(b) = u f(c) = v and
f(d) = w. We have f is 12-gp-continuous, but it is not 12-g-
continuous. Since there exist {w} 2 2-C(Y) but f1({w}) = {
d} R 12-GC(X). Also, f is not 21-precontinuous. Since there
exist {u,w} 2 2-C(Y) such that f1({u,w}) = {a,b,d} R 12-
PC(X).
(arrows 5, 6) If f is deﬁned by f(a) = f(d) = v f(b) = u and
f(c) = w. We have f is 12-gp-continuous and 12-pre-gpr-
continuous but it is not 12-pre-gp-continuous. Since there exist
{v} 2 21-PC(Y) such that f1({v}) = {a,d} R 12-GPC(X).
Remark 2.1. For any function f:(X,s1,s2)ﬁ (Y,r1,r2), we
note that:
(1) ij-g-continuous and ij-pre-gp-continuous are
independent.
(2) ji- precontinuous and ij-g-continuous are independent.
(3) ij-gp-continuous and ij-pre-gpr-continuous are
independent.
The following example justiﬁes the previous remark.
Example 2.2 (i, ii) [resp. (iii, iv) and 2.4 (v, vi)] investigate
Remark 2.1 (1) [resp. (2) and (3)].
Example 2.2. Let f:(X,s1,s2)ﬁ (Y,r1,r2) as in Example 2.1.
(i) If f is deﬁned by f(a) = v, f(b) = u and f(c) = f(d) = w.
We have f is 12-g-continuous, but it is not 12-pre-gp-
continuous. Since there exist {v} 2 21-PC(Y) such that
f1({v}) = {a} R 12-GPC(X).
(ii) If f is deﬁned by f(a) = f(c) = v, f(b) = u and f(d) = w.
We have f is 12-pre-gp-continuous, but it is not 12-g-
continuous. Since there exist {w} 2 2-C(Y) such that
f1({w}) = {d} R 12-GC(X).
(iii) If f is deﬁned by f(a) = f(b) = v f(c) = u and f(d) = w.
We have f is 21-precontinuous, but it is not 12-g-contin-
uous. Since there exist {w} 2 2-C(Y) such that
f1({w}) = {d} R 12-GC(X).
(iv) If f is deﬁned by f(a) = f(c) = w, f(b) = v and f(d) = u.
We have f is 12-g-continuous, but it is not 21-precontin-
uous. Since there exist {w} 2 2-C(Y) such that
f1({w}) = {a,c} R 21-PC(X).
(v) If f is deﬁned by f(a) = v, f(b) = f(d) = w and f(c) = u.
We have f is 12-gp-continuous, but it is not 12-pre-gpr-
H.M. Abu-Donia
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f1({v}) = {a} R 12-GPRC(X).
(vi) If f is deﬁned by f(a) = f(d) = w, f(b) = u and f(c) = v.
We have f is 12-pre-gpr-continuous, but it is not 12-gp-
continuous. Since there exist {w} 2 2-C(Y) such that
f1({w}) = {a,d} R 12-GPC(X).Deﬁnition 2.3. A function f:(X,s1,s2)ﬁ (Y,r1,r2) is called:
(1) ij-R-map if "V 2 ij-RO(Y),f1(V) 2 ij-RO(X);
(2) ij-preirresolute if "V 2 ij-PC(Y), f1(V) 2 ij-PC(X);
(3) ij-r-closed if "G 2 ij-RC(X), f(G) 2 ij-RC(Y);
(4) ij-pre-gp-closed if "G 2 ij-PC(X), f(G) 2 ji-GPC(Y);
(5) ij-pre-rgp-closed if "G 2 ij-PC(X), f(G) 2 ji-GPRC(Y);Lemma 2.1. For any surjection function f:(X,s1,s2)ﬁ
(Y,r1,r2) the following are equivalent.
(a) f is ij-pre-gp-closed function.
(b) For any B ˝ Y, U 2 ij-PO(X) such that f1(B) ˝ U,
there exist V 2 ji-GPO(Y) such that B ˝ V and
f1(V) ˝ U.Proof. Necessity, Let B ˝ Y, U 2 ij-PO(X) such that
f1(B) ˝ U. Since f is ij-pre-gp-closed function, then f(U) 2 ji-
GPO(Y). Put V= f(U). Since f1(B) ˝ U, then B=
f(f1(B)) ˝ f(U) = V and f1(V) = f1(f(U)) ˝ U. h
Sufﬁciency, Let G 2 ij-PO(X), f(G) ˚ F such that F 2 i-
C(Y), then G ˚ f1(F), F ˝ Y. This implies that there exist
V 2 ji-GPO(Y) such that F ˝ V and f1(V) ˝ G. Since V 2 ji-
GPO(Y), F 2 j-C(Y) and F ˝ V. Consequently, pintijðVÞ  F.
Since V ˝ f(G), then F# pintijðVÞ# pintijðfðGÞÞ. This implies
that f(G) 2 ji-GPO(Y). Therefore, f is ij-pre-gp-closed function.
Lemma 2.2. For any surjection function f:(X,s1,s2)ﬁ (-
s1,s2)ﬁ (Y,r1,r2) the following are equivalent.
(a) f is ij-pre-rgp-closed function.
(b) For any B ˝ Y, U 2 ij-PO(X) such that f1(B) ˝ U,
there exist V 2 ji-GPRO(Y) such that B ˝ V and
f1(V) ˝ U.Proof. Similar to Lemma 2.1. h
Theorem 2.2. Let f:(X,s1,s2)ﬁ (Y,r1,r2) is ij-pre-gp-
continuous
(resp. ij-pre-gpr-continuous) function and g: (Y,r1,r2)ﬁ
(Z,g1,g2) is ij-preirresolute function, then gf:(X, s1,s2)ﬁ
(Z,g1,g2) is ij-pre-gp-continuous (resp. ij-pre-gpr-continuous)
Proof. Let V 2 ij-PC(Z), since g is ij-preirresolute, then
g1(V) 2 ij-PC(Y). Since f is ij-pre-gp-continuous, then
f1(g1(V)) = (g  f)1 (V) 2 ji-GPC(X). Consequently, g  f
ij-pre-gp-continuous. h3. Some types of normality in bitopological spaces
In this section, we introduced three concepts of normality in
bitopological spaces namely prebinormal, mild prebinormal,and almost prebinormal. We give a new characterization of
these types of binormality by ij-gpr-open sets.
Deﬁnition 3.1 [12]. A bitopological space (X,s1,s2) is said to
be binormal if given disjoint subsets A, B, A 2 i-C(X) and
B 2 j-C(X), there are disjoint subsets U, V such that U 2 sj,
V 2 si, A ˝ U and B ˝ V.
Deﬁnition 3.2. A bitopological space (X,s1,s2) is said to be pre
binormal if given disjoint subsets A, B, A 2 i-C(X) and B 2 j-
C(X), there are disjoint subsets U, V such that U 2 ji-PO(X),
V 2 ij-PO(X), A ˝ U and B ˝ V.
Theorem 3.1. For any bitopological space (X,s1,s2), the follow-
ing statements are equivalent:
(a) X is prebinormal;
(b) for any disjoint sets A 2 i-C(X) and B 2 j-C(X), there
exist U 2 ij-GPRO(X), V 2 ji-GPRO(X) and
U \ V= / such that A ˝ U and B ˝ V
(c) for any A 2 i-C(X),G 2 sj and G ˚ A, there exists U 2 ij-
GPRO(X) such that A ˝ U ˝ pclij(U) ˝ G.Proof. (a)) (b). Let A 2 i-C(X), B 2 j-C(X) and A \ B= /.
Since X is prebinormal, then there exist U 2 ji-PO(X),V 2 ij-
PO(X) and U \ V= / such that A ˝ U and B ˝ V, this fol-
lows that, there exist U 2 ij-GPRO(X), V 2 ji-GPRO(X) and
U \ V= / such that A ˝ U and B ˝ V.
(b)) (c). Let A 2 i-C(X), G 2 sj and G ˚ A. Then, A 2 i-
C(X), XnG 2 j-C(X), (XnG) \ A= /. Then, there exist U 2 ij-
GPRO(X),V 2 ji-GPRO(X)and U \ V= / such that A ˝ U
and XnG ˝ V. Since V 2 ji-GPRO(X), XnG 2 ji-RC(X) and
XnG ˝ V, then by using Lemma 1.1 (4) we have pintij(V) ˚
XnG. U \ V= / implies U \ pintij(V) = /. Consequently,
A ˝ U ˝ Xnpintij(V) ˝ G, this follows that A ˝ U ˝ pcl
ij(U) ˝ Xnpintij(V) ˝ G. Consequently, A ˝ U ˝ pclij(U) ˝ G.
(c)) (a). Let A 2 i-C(X), B 2 j-C(X) and A \ B= /. Then,
A 2 i-C(X), XnB 2 sj and A ˝ XnB. Consequently, there exist
G 2 ij-GPRO(X) such that A ˝ G ˝ pclij(G) ˝ XnB. Since
A ˝ G, A 2 ij-RC(X) and G 2 ij-GPRO(X) then, by using
Lemma 1.1 (4) we have A ˝ pintji(G). This follows that
B ˝ Xnpclij(G) = pintij(Gc), pintji(G) 2 ji-PO(X), pintij(Gc) 2 ij-
PO(X) and pintji(G) \ pintij(Gc) = /. Put U= intj(cli(pint-
ji(G))) and V= inti(clj(pintij(G
c))). Then U, V are disjoint,
U 2 ji-PO(X) and V 2 ij-PO(X) Such that U ˚ A and
V ˚ B. h
Deﬁnition 3.3. A space (X,s1,s2) is said to be almost prebinor-
mal if given disjoint subsets A and B, A 2 i-C(X), B 2
ji-RC(X), there are disjoint subsets U and V such that U 2
ji-PO(X), V 2 ij-PO(X), A ˝ U and B ˝ V.
Theorem 3.2. For any bitopological space (X,s1,s2), the follow-
ing statements are equivalent:
(a) X is almost prebinormal;
(b) for each disjoint sets A 2 i-C(X) and B 2 ji-RC(X) there
are disjoint subsets U 2 ij-GPO(X) and V 2 ji-GPO(X)
such that A ˝ U and B ˝ V;
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are disjoint subsets U 2 ij-GPRO(X) and V 2 ji-
GPRO(X) such that A ˝ Uand B ˝ V;
(d) for each A 2 i-C(X) and K 2 ji-RO(X), and K ˚ A there
exists U 2 ij-GPRO(X) such that A ˝ U ˝ ij-pcl(U)
˝ K.Proof. It is obvious that (a)) (b)) (c).
(c)) (d). Let A 2 sci and K 2 ji-RO(X) and K ˚ A. This
implies that A 2 sci and XnK 2 ji-RC(X) and (XnA) \ A= /
Then, there exists U 2 ij-GPRO(X) and V 2 ji-GPRO(X) such
that A ˝ U, XnK ˝ V and U \ V= /. Since V 2 ji-GPRO(X),
XnK 2 ji-RC(X) and XnK ˝ V, then by Lemma 1.1 (4), we have
pintij(V) ˚ XnK. Since U \ V= / implies U \ pintij(V) = /.
Consequently, A ˝ U ˝ Xnpintij(V) ˝ K, this follows that
A ˝ U ˝ pclij(U) ˝ Xnpintij(V) ˝ K. Therefore,
A ˝ U ˝ pclij(U) ˝ K
(d)) (a). Let A 2 i-C(X), B 2 ji-RC(X) and A \ B= /.
This implies that A 2 i-C(X), XnB 2 ji-RO(X) and A ˝ XnB.
Consequently, there exists U 2 ij-GPRO(X) such that
A ˝ U ˝ pclij(U) ˝ XnB. Since A ˝ U, A 2 ij-RC(X)and
U 2 ij-GPRO(X) then, by using Lemma 1.1 (4) we have A ˝
pintij(U). This follows that B ˝ Xnpclij(U) = pintij(Uc), pinti-
j(U) 2 ji-PO(X), pintij(Uc) 2 ij-PO(X) and pintji(U) \ pinti-
j(U
c) = /. Put G= intj(cli(pintji(U))) and H=
inti(clj(pintij(U
c))). Then G, H are disjoint, G 2 ji-PO(X) and
H 2 ij-PO(X) Such that G ˚ A and H ˚ B. h
Deﬁnition 3.4. A bitopological space (X,s1,s2) is said to be
mildly prebinormal if given disjoint subsets A 2 ij-RC(X) and
B 2 ji-RC(X), there are disjoint subsets U 2 ji-PO(X) and
V 2 ij-PO(X) Such that A ˝ U and B ˝ V.
Theorem 3.3. For any bitopological space (X,s1,s2), the follow-
ing statements are equivalent:
(a) X is mildly prebinormal;
(b) for any A 2 ij-RC(X), B 2 ji-RC(X) and A \ B = /
there are U 2 ij-GPO(X), V 2 ji-GPO(X) and
U \ V= / such that A ˝ U and B ˝ V;
(c) for any A 2 ij-RC(X), B 2 ji-RC(X) and A \ B = /
there are U 2 ij-GPRO(X), V 2 ji-GPRO(X) and
U \ V= / such that A ˝ U and B ˝ V;
(d) for any A 2 ij-RC(X), K 2 ji-RO(X) and A ˝ K there
exists U 2 ij-GPO(X), such that A ˝ U ˝ pclij(U) ˝ K;
(e) for any A 2 ij-RC(X), K 2 ji-RO(X) and A ˝ K there
exists U 2 ij-GPRO(X), such that A ˝ U ˝ pclij(U) ˝ K;Proof. Similar to that of Theorem 3.2. h4. Preservation theorems
In this section, we prove that the three types of binormality
properties are preserved under some types of function between
bitopological spaces.
Theorem 4.1. If f:(X,s1,s2)ﬁ (Y,r1,r2) is ij-pre-gp-closed, i-
continuous, surjection and X is prebinormal then Y is also
prebinormal.Proof. Let A 2 i-C(Y), B 2 j-C(Y) and A \ B= /, Since f is
surjection i-continuous, then f1(A) 2 i-C(X), f1(B) 2 j-C(X)
and f1(A) \ f1(B) = f1(A \ B) = /. Since X is prebinor-
mal, there exist U 2 ji-PO(X), V 2 ij-PO(X) and U \ V= /
such that f1(A) ˝ U and f1(B) ˝ V. Since f is ij-pre-gp-closed,
by Lemma 2.1, there exist G 2 ij-GPO(Y) and H 2 ji-GPO(Y)
such that A ˝ G, B ˝ H, f1(G) ˝ U and f1(H) ˝ V. Since U
and V are disjoint, G and H are disjoint. Since G 2 ij-GPO(Y)
and H 2 ji-GPO(Y), by Lemma 1.1 (3), then we have A ˝ pint-
ji(G), B ˝ pintij(H) and so pintji(G) \ pintij(H) = /. Conse-
quently, Y is also prebinormal. h
Theorem 4.2. If f:(X,s1,s2)ﬁ (Y,r1,r2) is ij-pre-rgp-closed
ij-R-map, surjection and X is mildly prebinormal then Y is also
mildly prebinormal.
Proof. Let A 2 ij-RC(Y), B 2 ji-RC(Y) and A \ B= /, Since f
is surjection ij-R-map, then f1(A) 2 ij-RC(X), f1(B) 2 ji-
RC(X) and f1(A) \ f1(B) = /. Since X is mildly prebinormal,
then there exist U 2 ji-PO(X), V 2 ij-PO(X) and U \ V= /
such that f1(A) ˝ U and f1(B) ˝ V. Since f is ij-pre-rgp-
closed, by Lemma 2.1, there exist G 2 ij-GPRO(Y) and
H 2 ji-GPRO(Y) such that A ˝ G, B ˝ H, f1(G) ˝ U and
f1(H) ˝ V. Since U and V are disjoint, G and H are disjoint.
Since G 2 ij-GPRO(Y) and H 2 ji-GPO(Y), by Lemma 1.1 (4),
then we have A ˝ pintji(G), B ˝ pintij(H) and so pintji(G) \
pintij(H) = /. Consequently, Y is also mildly prebinormal. h
Theorem 4.3. If f:(X,s1,s2)ﬁ (Y,r1,r2) is ij-pre-rgp-closed
ij-R-map, i-continuous, surjection and X is almost prebinormal,
then Y is also almost prebinormal.
Proof. Let A 2 i-C(Y), B 2 ji-RC(Y) and A \ B= /. Since f is
ij-R-map, then, f1(B) 2 ji-RC(X). Since f is i-continuous, then
f1(A) 2 i-C(X) and we have f1(A) \ f1(B) = /. Since X is
almost prebinormal, then there exist U 2 ji-PO(X), V 2 ij-
PO(X) and U \ V= / such that f1(A) ˝ U and f1(B) ˝ V.
Since f is ij-pre-rgp-closed, by Lemma 2.1, there exist G 2 ij-
GPRO(Y) and H 2 ji-GPRO(Y) such that A ˝ G, B ˝ H,
f1(G) ˝ U and f1(H) ˝ V. Since U and V are disjoint, G
and H are disjoint. Since G 2 ij-GPRO(Y) and H 2 ji-GPO(Y),
by Lemma 1.1 (4), then we have A ˝ pintji(G), B ˝ pintij(H)
and so pintji(G) \ pintij(H) = /. Consequently, Y is also
almost prebinormal. hTheorem 4.4. If f:(X,s1,s2)ﬁ (Y,r1,r2) is ij-pre-gpr-continu-
ous i-closed, injection and Y is prebinormal, then X is also
prebinormal.
Proof. Let A 2 i-C(X), B 2 j-C(X) and A \ B= /. Since f is i-
closed injection, then f(A) 2 i-C(Y), f(B) 2 j-C(Y) and
f(A) \ f(B) = /. By prebinormality of Y, there exist U 2 ji-
PO(Y), V 2 ij-PO(Y) and U \ V= / such that f(A) ˝ U and
f(B) ˝ V. Since f is ij-pre-gpr-continuous, f1(U) 2 ij-GPRO(X)
and f1(V) 2 ji-GPRO(X) such that A ˝ f1(U), B ˝ f1(V)
and f1(U) \ f1(V) = /. By Theorem 2.1(b), therefore, X is
prebinormal. hTheorem 4.5. If f:(X,s1,s2)ﬁ (Y,r1,r2) is ij-pre-gpr-continu-
ous ij-rc-preserving, injection and Y is mildly prebinormal then
Xis also mildly prebinormal.
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is ij-rc-preserving injection, then f(A) 2 ij-RC(Y), f(B) 2 ji-
RC(Y) and f(A) \ f(B) = /. By mild prebinormality of Y,
there exist U 2 ji-PO(Y), V 2 ij-PO(Y) and U \ V= / such
that f(A) ˝ U and f(B) ˝ V. Since f is ij-pre-gpr-continuous,
f1(U) 2 ij-GPRO(X) and f1(V) 2 ji-GPRO(X) such that
A ˝ f1(U), B ˝ f1(V) and f1(U) \ f1(V) = /. By Theorem
2.3(c), therefore, X is mildly prebinormal. h
Theorem 4.6. If f:(X,s1,s2)ﬁ (Y,r1,r2) is ij-pre-gpr-continu-
ous ij-rc-preserving, i-closed injection and Y is almost prebinor-
mal then X is also almost prebinormal.Proof. Let A 2 i-C(X), B 2 ji-RC(X) and A \ B= /. Since f is
ij-rc-preserving and i-closed injection, then f(A) 2 i-C(Y),
f(B) 2 ji-RC(Y) and f(A) \ f(B) = /. By almost prebinormali-
ty of Y, there exist U 2 ji-PO(Y), V 2 ij-PO(Y) and U \ V= /
such that f(A) ˝ U and f(B) ˝ V. Since f is ij-pre-gpr-continu-
ous, f1(U) 2 ij-GPRO(X) and f1(V) 2 ji-GPRO(X) such that
A ˝ f1(U), B ˝ f1(V) and f1(U) \ f1(V) = /. By Theorem
2.2 (c), therefore, X is almost prebinormal. hReferences
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